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This paper discusses two problems in which surface alignment, shear flow and a magnetic field
normal to the plane of shear compete to produce instabilities in a nematic. The first is that
described by Pieranski and Guyon,''? where the anisotropic axis is initially everywhere normal
to the shear plane, and the flow causes a change of orientation at a critical shear rate. In the
second, the anisotropic axis is at first in the plane of shear, and the magnetic field induces the
instability at a critical field strength. Solutions of the continuum equations for infinitesimal,
homogeneous perturbations to the initial flow are given, the analysis proving to be rather similar
in both cases. Of interest is the possibility of a transition from one homogeneous instability
to another, the change being accompanied by the appearance of a net transverse flux of fluid.

1 INTRODUCTION

Within the last few years, Pieranski and Guyon'~> have observed interesting
instabilities in shear flow of nematic liquid crystals. In their initial experi-
ments,’>? they shear a sample of MBBA between parallel plates with the
initial alignment of the anisotropic axis uniform and perpendicular to the
plane of shear. At low shear rates, the alignment remains undisturbed, but
at a critical shear rate the anisotropic axis begins to turn towards the plane
of shear. In addition, they show that the presence of a magnetic field parallel
to the initial alignment inhibits the onset of the instability. When the field
is absent, the instability is homogeneous, there being no spatial variation
parallel to the plates. This is also the case when the stabilising magnetic field
is present, provided that the field is not too strong. However, when the field
strength exceeds a particular value, a roll-type instability occurs, the axis
of the rolls being parallel to the direction of flow. In later experiments with
HBAB* and CBOOA,’ Pieranski and Guyon find that the homogeneous
instability ceases to exist over the temperature range for which the nematic
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does not align uniformly in shear flow. However, under these conditions,
a roll-type instability does occur, giving way to an oscillatory mode in the
case of CBOOA near the smectic transition.

Recently, Manneville and Dubois-Violette,® and Leslie’ have presented
analyses of such instabilities. They employ the continuum theory for nematics
due to Ericksen® and Leslie,’ and not unreasonably consider only infin-
itesimal perturbations. Manneville and Dubois-Violette discuss both the
homogeneous and roll-type instabilities, but restrict their attention to MBBA,
the nematic initially employed by Pieranski and Guyon. They use pre-
viously determined estimates of the various material parameters to com-
pute the critical shear rate as a function of magnetic field strength, and
their predictions are in reasonably good agreement with the relevant experi-
mental data. Leslie, on the other hand, confines his attention to the homog-
eneous instability, and seeks analytic expressions from which one may
readily determine the threshold as a function of the material parameters.
In addition, he shows that the continuum equations do not allow a homog-
eneous instability when the nematic ceases to align uniformly in shear, which
is in agreement with experiment. Both Manneville and Dubois-Violette,
and Leslie draw attention to the fact that distortion of the alignment of the
anisotropic axis of the type considered must in theory induce a transverse
flow. This facet of these instabilities has now been confirmed experimentally
by Pieranski.'°

In this paper, we begin by discussing the analysis of the homogeneous
instability in the presence of an external field in somewhat greater detail
than before, and show that it is possible to draw certain conclusions from
the criteria derived by Leslie. At the same time, however, we rectify an
omission in his analysis brought to our attention by Manneville.!! This
concerns a solution not discussed by Leslie, and dismissed by Manneville
and Dubois-Violette on doubtful grounds.

In the Pieranski-Guyon experiments, a destabilising flow competes with
surface alignment and generally a stabilising field to induce an instability.
However, a somewhat more obvious example of such competition is that in
which the initial alignment is in the plane of shear, and a magnetic field
perpendicular to this plane leads to a change of orientation of the anisotropic
axis. The second part of this paper presents an analysis of a particular
arrangement of this type. In general, even for a nematic which aligns in shear
at a fixed angle to the streamlines, the initial alignment is not spatially
uniform on account of the bounding surfaces dictating some other orientation
of the anisotropic axis. However, it now appears possible to arrange the tilt
of the anisotropic axis at a solid surface in a prescribed manner, as Raynes,
Rowell and Shanks'? discuss in a paper presented at this conference. In this
event, a spatially uniform alignment in the plane of shear becomes a practical



Downloaded by [Tomsk State University of Control Systems and Radio] at 05:40 23 February 2013

MAGNETOHYDRODYNAMIC INSTABILITIES 337

proposition for a nematic which aligns uniformly in shear flow. Consequently,
we consider this particular case below, and seek to determine the critical
magnetic field perpendicular to the plane of shear necessary to induce a
homogeneous instability.

Our analysis of this latter problem turns out to have much in common
with the calculation of the homogeneous instabilities in the Pieranski-
Guyon experiments, and our presentation seeks to emphasise similarities.
A novel feature of our discussion is that concerning the possibility of a
transition from one homogeneous instability to another at either a critical
value of the magnetic field strength in the Pieranski-Guyon arrangement,
or at a critical shear rate in the second problem. Such a transition should
prove readily observable in practice, since the second instability, unlike
the first, gives rise to an associated net transverse flux of liquid crystal, similar
to that observed by Janossy, Pieranski and Guyon'? in connection with
instabilities in piane Poiseuille flow. However, since our analyses do not
include consideration of more general disturbances, there is clearly the
possibility of some other type of instability occurring before this transition
takes place. This happens, for example, in the Pieranski-Guyon problem
with MBBA, since one can show with the aid of the calculation by Manneville
and Dubois-Violette that the roll-type instability intervenes in this case,
in agreement with existing experimental observations.

2 CONTINUUM THEORY

A general description of physical properties of liquid crystals is readily
available in the book by de Gennes'* or in the review by Stephen and
Straley,'® and both sources give reasonably detailed accounts of continuum
theory. Consequently, in this section we give only a brief summary of the
equations proposed by Ericksen® and Leslie® to describe flow phenomena
in nematic liquid crystals.

The aforesaid theory assumes incompressibility and employs a unit vector
field to describe the orientation of the anisotropic axis. Therefore, the velocity
vector v and the director n are subject to the constraints

v, =0, nin; =1, (2.1)
and satisfy the balance laws

JJ°
and

O'ﬁ,' = G,‘ + g; + Siij (23)



Downloaded by [Tomsk State University of Control Systems and Radio] at 05:40 23 February 2013

338 F. M. LESLIE

In these, the constants p and ¢ represent density and a director inertial
coefficient, respectively, F external body force, and G a generalised external
body force arising from magnetic or electric fields. The superposed dot
denotes the material time derivative. The constitutive relations for the stress
tensor t, the generalised stress tensor s, and the intrinsic body force g are

w -
L= _péij - mnk’i + 4.

Y (2.4)
ow ow
Si; = nP; + ms gi=ym — (m;B)) ; — O—n, + i,

where the free energy W takes the form due to Oseen'® and Frank,!’

2W = ky(n, )? + kplegwnmim ))* + kymnjng imy
+ (ky + kg {n jnj ;i — (n )} (2.5)

and the dissipative terms are given by
fij = wApmnpning + py Nong + us Njng + g Ay
+ ps Apmehn; + Ue Apnen;, (2.6)
gi = MN; + A, Ayny,
with
24;;=v; j + v;4 2N =20 + (v — v Jny, 2.7
and

Ay =y - us, Ay = ps — pg. (2.3)

The scalars p and y and the vector B arise from the constraints (2.1), and are
unknowns, while the k’s and u’s are material coeflicients which in general
vary with temperature. Here, however, we disregard thermal effects so that
these coefficients are simply constants. Rather clearly, the above equations
do not distinguish between n and —n, reflecting the absence of polarity
in nematic liquid crystals.

Ericksen'® employs a stability argument to limit possible values for the
coefficients in the Frank-Oseen energy (2.5), and Leslie!® appeals to thermo-
dynamic considerations to restrict values for the viscous coefficients
appearing in the expressions (2.6). Below, we cite such restrictions when
necessary. Parodi?® proposes a further condition upon the viscosity coeffi-
cients, namely

B2+ U3 = He — s, (29)

which is commonly accepted. Currie?!?? presents calculations which

independently support the need for this additional restriction.
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Lastly, in the case of a uniform magnetic field H, the forms discussed by
Ericksen?? for the resultant external body forces reduce to

Fi:O, G,' =XaHjnjH,', (210)
where the constant coefficient y, denotes the anisotropic part of the magnetic
susceptibility, which we assume to be positive. If one includes gravity or any

other conservative external body force, this simply leads to a modification
of the pressure, and hence we ignore such terms.

3 FLOW-INDUCED INSTABILITY

To investigate the homogeneous instability observed by Pieranski and
Guyon, we choose Cartesian coordinates (x, y, z) with the z-axis normal to
the parallel plates, and consider solutions of the equations of the preceding
section of the form

n, = cos 6(z, t)cos @(z, 1), n, = cos 0z, t)sin ¢(z, t), n, = sin 8(z, t),
v, = u(z, t), v, =Sz + vz, 1), v, =0, (3.1)
p=pzt, H.,=H,  H,=H=0,

where t denotes time, and S and H are positive constants. It is straightforward

to verify that the continuum equations have a particular solution of this type,
in which

0 =¢ =0, u=uv =0, (3.2)

this corresponding to the undisturbed alignment and flow in the experiments,

provided one chooses the origin of coordinates on the stationary plate. The
speed of the moving plate is clearly given by

V = Sd, (3.3)

d denoting the gap width. Consequently, we examine here solutions of the
form (3.1) subject to the boundary conditions

0(0,t) = 6(d, t) = ¢(0, 1) = ¢p(d, t) = 0, (3.4)
and
u(0,t) = u(d, t) = v(0, t) = v(d, £) = 0, (3.5)

the former arising from the common assumption of strong anchoring of
the anisotropic axis at the plates, and the latter from the familiar no-slip
hypothesis.

The analysis of the instability essentially proceeds in two steps. The first
calculates the critical shear rate at which the equations allow a particular
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steady, infinitesimal disturbance of the initial alignment and flow to occur.
The second considers similar time-dependent, infinitesimal perturbations
by the inclusion of an exponential time factor, and seeks to determine whether
such disturbances grow with time at shear rates just above the previously
obtained critical value, thus confirming the existence of an instability. In
this analysis, the fluid inertia and also the director inertia do not contribute
to the first stage. However, while the latter does not influence the growth
calculation close to threshold, the fluid inertia does. Previous investigations
already cited ignore this term on the grounds that it is probably unimportant
for reasons given by Pieranski, Brochard and Guyon.?* Here, therefore,
we set both p and o equal to zero in equations (2.2) and {2.3). In this event,
with the assumption that the angles 8 and ¢, and the flow perturbations u and
v are infinitesimal, the first of equations (2.2) reduces to

' + (n — DS¢ + 2uf = S6,
_Batlatpe (3.6)

Ha B '

where 6 is an arbitrary constant, the prime denotes differentiation with
respect to z, and the time derivative is simply a partial derivative. Coupled
with the boundary conditions (3.5), the second member of (2.2) promptly
yields

n

v =0, (3.7

and the third gives an expression for the pressure p. Employing the above
results, the equations (2.3) finally lead to

6" +myp+08)—h0—nb=0 ¢ +mb —hydp—nyp=0,

m. — (A2 + 448 B = 1aH? A M, + 4y — 1,
' Mk, Yok ! nk, " (38)
I PR Y. A
2T T, 0 T T T

The problem therefore reduces to the solution of equations (3.8) subject to the
boundary conditions (3.4). However, in addition, the boundary conditions
(3.5) and equation (3.6) yield an auxiliary condition

d d
(n - 1)Sf¢dz+2ujédz=85d, (3.9)
0 0

which plays an important role in the ensuing analysis.
For the present calculation, we assume that

A.z > "'Al, (3'10)
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which is necessary to ensure uniform alignment in shear flow at a small angle
to the streamlines, as Leslie® discusses. This and the inequalities derived by
Ericksen'® and Leslie!® readily imply that all of the coefficients in equations
(3.8) are positive, except perhaps n,. However, n, is also positive, this being a
direct consequence of the inequalities derived by Leslie and Ericksen, or a
special case of a more general result obtained by Currie.2*t Also, excluding
pretransitional effects, existing evidence points to the positive parameter #,
defined in equation (3.6), having a value less than unity, and we therefore
tend to favour this case below, rather than the contrary.

For steady perturbations, the equations (3.8) reduce to a single equation
for the angle ¢,

@ — (hy + h3)¢" + (hihy — mymy)p = mym, 6, (3.11)
and the boundary conditions
$(0) = ¢(d) = ¢"(0) = ¢"(d) = 0 (3.12)

follow straightforwardly from (3.4). From the relationship (3.9), the solution
must satisfy the criterion

d
(n — 1)J ¢ dz = dd, (3.13)
0

which restricts possibilities. The nature of the solution of equation (3.11)
of course depends upon the relative magnitudes of the coefficients, and there
are three cases which we proceed to discuss in turn.

If one can introduce real numbers « and j by

202 = hy + hy + {dmymy + (hy — hy)*}'73,
282 = hy + hy, — {4mm, + (hy — hz)z}x/z’

equation (3.11) has a solution satisfying the boundary conditions (3.12) of
the form

(3.14)

b = mm,5 [a? — B2 N sinh az 4+ sinh a(d — 2)
o - B2 a?p? a? sinh ad
sinh fz + sinh f(d — z

. sinh fz 4 sinh fld — 2) | (3.15)

f* sinh Bd
Rather clearly, this requires that
mymy < hyh,, (3.16)
+ Consideration of the rate of entropy production for the particular flow in which
n, =1, n,.=n =0,
v, = (1 — Ay/Ay)y, o= (1 + A/4)x, v. =0

also leads to the desired result.
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and also from the criterion (3.13) that
o® tanh(fd/2)  B* tanh(ad/2)
pd oud
= (a* — B)(nmm;y — hyihy). (3.17)

2mymy(n — 1)|:

This latter condition determines the shear rate S as a function of the field
strength H, provided that the former applies. Somewhat obviously, this
solution cannot occur when the field strength is small. On the other hand,
as Leslie” notes, the form of (3.17) suggests that at large values of H one
obtains the asymptotic relation

hihy + (3.18)

mm, =

and, should 5 be less than unity, this violates (3.16). For cases presently of
interest, therefore, this solution does not apply in either limit, and hence
we do not discuss it further.
When the inequality (3.16) ceases to hold, the parameter f becomes
imaginary. In this case, therefore, writing
=i (3.19)
the second type of solution follows readily from the expression (3.15), and is
mm,0d |sinhaz + sinh a(d — z) sin &z + sin&d — z) o? + &2
o? + &2 a? sinh ad E2 sin &d a2 |
{(3.20)

b =

provided that & does not take values which are integral multiples of m/d.
However, should the product &d be equal to 27, the appropriate solution is

b= mym,é [sinhaz + sinha(d —z) coséz o +¢2 (3.21)
T+ & o? sinh ad £2 it G
this of course also being true when &4 is any integral multiple of 2x. In either

event, one derives the related form of the criterion (3.13) from equation (3.17)
to obtain

2 2
Imymn — 1)[a tan(¢d/2) £ tanh(ocd/Z)}

&d ad
= (0(2 + éz)mmlmz — hyhy). (3.22)
From their definitions, it follows that

0t =2+ hy + hy, (3.23)
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and also that
mlmz = (hl + 52)(;’2 + 62), (3.24)

which obviously violates (3.16). Inserting the last two expressions into (3.22),
one arrives at an equation for the smallest value of & as a function of the field
strength. Finally, the relationship (3.24) yields the associated critical shear
rate. However, in the case of the solution (3.21), ¢ is known, and therefore
(3.22) determines the actual value of the field strength at which this particular
form of solution occurs.

In the limit that the field strength vanish,

o — éOs é - 603
$od = 2{,, 21y = (n — 1)(tan {, + tanh {,).
Clearly, if n is greater than one, the smallest positive root lies between zero
and 7/2, but, if it is smaller than unity, the smallest positive root is between
n/2 and 7. For the latter case, an inspection of (3.22) suggests that continuity
considerations require that as the field strength varies

n < & < 3, (3.26)

since £ cannot pass through values which lead to the first term becoming
infinite. From this and the expression (3.23), one concludes that

(3.25)

Eo &, o — 00, (3.27)
as the field becomes infinitely large, and thus it follows from (3.22) that
Cad =20,, tanl,=1{(,. (3.28)

In view of (3.26), the value of {, lies between n and 3n/2. Consequently, if n is
less than unity, one concludes that the product {d varies from an initial
value between n and 27 to a final value between 2n and 37 as the magnetic
field strength increases from zero to large values. Moreover, in this case the
relationship (3.24) implies an asymptotic form

mm,; = hlhz + .- y (3.29)
rather than (3.18).

As Manneville!! points out, a third type of solution becomes possible
when the constant § is zero. In this event, the function

¢ = ¢ sin 1z (3.30)
satisfies the equation (3.11), the boundary conditions (3.12), and the condition
(3.13), provided that ¢, is a constant,

mymy = (hy + ) (hy + %), (3.31)
and
1d = 2rm, r an integer. (3.32)
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Consequently, the critical shear rate for this solution follows from

4n? 4r?
mlmz = hl + 7 hz + d—z 3 (333)

Comparing this last result with the expression (3.24), one notes- that, for a
given fleld strength, the shear rate at which this solution occurs is larger
than that for (3.20) whenever £ is less than the value 27/d, but it is smaller when
¢ exceeds this value. Clearly, the critical shear rates are identical at the
particular field strength for which ¢ is equal to 2n/d, the solution (3.21) then
being appropriate. Consequently, at small field strengths the solution (3.20)
is the first to occur as the shear rate increases, but, above a critical field
strength, the solution (3.30) takes precedence over (3.20).

To examine the growth of perturbations in the neighbourhood of the
critical shear rates found above, one considers solutions of the form

0 = O(z)e", ¢ = O(z)e", u = U(z)e", o= Ae", (3.34)

where v and A are constants. Consequently, the equations (3.6) and (3.8)
again reduce to a system of linear, ordinary differential equations, and one
may therefore proceed in a similar fashion to that above. For solutions with
A zero, the calculation is relatively straightforward, and v proves to be
positive for shear rates just above the critical value given by (3.33), provided
that

4 2 4 2
n,(hz n 71’2-) + n2<h1 + E’i—) > 0. (3.35)

From this, one immediately concludes that the solution (3.30) represents
the onset of an instability. For the other solutions, the details become
somewhat protracted. Leslie? considers the particular case of the magnetic
field absent, and determines the condition for growth when the shear rate
Jjust exceeds the critical value given by (3.24) and (3.25). Also, it is possible
to proceed when either of the asymptotic forms (3.18) or (3.29) applies.
In either of these extremes, there is little doubt that the associated critical
shear rates represent the threshold of an instability. However, for inter-
mediate values of the field strength, analysis is difficult on account of the
complexity of the resulting expressions.

Before leaving this topic, one further comment is necessary concerning the
stationary perturbations. From equation (3.6), the transverse component of
flow induced by the change in alignment is given by

nu = Soz + (1 — n)S r¢ ds, (3.36)
0
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this satisfying the relevant boundary conditions (3.5) on account of the result
(3.13). The net transverse flux per unit length of channel Q is defined by

0= jdu dz, (3.37)
0

and integration of (3.36) using integration by parts and the relationship
(3.13) leads finally to the expression

d d
0 =(1 - n)SUO(d —zjpdz — Lz¢ dz]. (3.38)

Since the solutions (3.15), (3.20) and (3.21) are symmetric about the centre
of the gap, it immediately follows from the above that Q is zero for these
solutions. However, in the case of solution (3.30), one finds that

70 = doll — ), 3:39)

which is non-zero. For this reason, Manneville and Dubois-Violette®
dismiss solutions of this type, believing that they are incompatible with a
channel of limited width. However, the Poiseuille flow experiments of
Janossy, Pieranski and Guyon'? certainly allow such effects. In practice,
this property would clearly distinguish a perturbation corresponding to the
solution (3.30).

In summary, therefore, we find for certain nematics that there can in theory
be a transition from a homogeneous instability with zero net transverse
flux to a similar instability with an associated net transverse flux, as the
strength of the stabilising field increases. However, the above analysis does
ignore other types of disturbance, and clearly other instabilities can intervene
before such a transition takes place. For MBBA, for example, with the values
for the material coefficients used by Manneville and Dubois-Violette,®
a calculation shows that this transition occurs at a higher field strength
than that for the transition to the roll-type instability discussed by these
authors, which is in agreement with the observations by Pieranski and
Guyon.? Nonetheless, the possibility exists that a transition between
homogeneous instabilities could occur in other nematics.

4 FIELD-INDUCED INSTABILITY

In this section, we again consider a sample of nematic sheared between
parallel plates, but here the inital alignment of the anisotropic axis is in the
plane of shear, while the orientation of the magnetic field remains normal
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to this plane. With the same choice of Cartesian axes, so that the z-axis is
once more normal to the plates, we here examine solutions of the form

n, = cos 8(z, t)sin ¢(z, 1), n, = cos 8(z, t)cos ¢(z, t), n, = sin 8(z, 1),
v = u(z, t), v, = Sz + v(z, 1), v, = 0, 4.1)
p=pzt), H,=H  H=H, =0,

where t again denotes time, and S and H are positive constants. Whenever

the inequality (3.10) applies, one can readily verify that the continuum
equations have a simple solution of the above type with

A =0,, ¢ =0, u=uv=0, 4.2)
where 8, is a positive angle between zero and 45°, defined by
Ayc0820y + A, = 0. 4.3)

There is also a second simple solution in which 8 is equal to — 6, but we do
not consider it, since the analysis by Ericksen?® shows that it is unstable.
Until recently, the simple solution (4.2) has appeared incompatible with
surface alignments readily obtainable at a solid interface. However, as
Raynes, Rowell and Shanks'? describe, it is now possible to arrange the
inclination of the anisotropic axis on a solid surface at a prescribed angle.
This accepted, the above simple solution seems realisable in practice. More-
over, in an initial investigation of flow problems with this particular type of
surface alignment, it does not appear unreasonable to assume strong
anchoring of the anisotropic axis at the surface, although this may require
reappraisal at a later stage. Consequently, at the plates the unknowns # and ¢
are subject to

60, 1) = 0(d, 1) = 85, (0, 1) = ¢(d, 1) = 0, (4.4)
and the velocity perturbations again satisfy
u©, 1) = uld, t) = v(0,t) = v(d, t) = 0, (4.5)

d of course once more denoting the gap width.

Here, we examine the stability of the above simple solution with respect
to homogeneous disturbances, described by equations (4.1), the magnetic
field in this case acting as a destabilising influence. Whilst such a calculation
affords a further opportunity for comparison between theory and experiment,
it is also of interest in the present context, since the analysis proves rather
similar to that just described in the previous section. As before, the calculation
proceeds in two stages, the first determining the conditions for stationary,
infinitesimal perturbations, and the second confirming growth just above the
threshold. Since inertial effects are neglected at the second stage, they are
omitted throughout.
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In order to avoid unnecessary detail, we assume initially in the solutions
(4.1) that

0=20, v=0, (4.6)

and as a result the conservation laws (2.2) and (2.3) finally yield two equations
for the infinitesimal perturbations ¢ and u of the form

Mou' + NoS¢ + Lo¢ = 2a,
2Kod" + 24,0 + (A, — Atan Og(u’ — S¢) + 2y, H?¢ = 0,
Mo = pa + (s — pp)sin® b, (4.7
No = (a3 + ug + 2u, sin? Gy)cos? 6,
Ly = pysin20,, Ko =k, cos? 8, + ky sin? 6,
where a is an arbitrary constant, the primes again denote differentiation with

respect to z, and the time derivative reduces to a partial time derivative. From
the inequalities derived by Ericksen!® and Leslie!®, it follows that

Ko>0, My>0, M,+N,>0. (4.8)

Whenever the parameter #, defined in equation (3.6), is less than one, N 1s
clearly negative for sufficiently small values of the angle 6,. Since this angle
is generally fairly smali, it seems reasonable and consistent to consider N
negative, and below we therefore favour this case. As in the previous section,
the no-slip hypothesis on the remaining flow perturbation applied to the
first of equations (4.7) leads to

d d
NS J ¢ dz + Ly f ¢ dz = 2ad, 49)
0 4]

which again plays an important role.
For stationary perturbations, elimination of the flow perturbation from
equations (4.7) leads to

¢+ mop + k=0,

m= X‘IHZ - S(/‘Lz - ll)tan 60(M0 + No)/z.NIo
= KO .

(4.10)

_a(d; — Atan b,

k
M, K,

Rather clearly, the critical magnetic field strength H, at which such solutions

are possible is given as a function of the shear rate S by

S(A.z - ll)tan 90(M0 + No)
2M, ’

LoHE = mKq + (@.1)
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where m has the relevant value determined from the reduced version of the
criterion (4.9), namely
d
NoSf¢dz=2ad. (4.12)
0
Once again three types of solution are possible, and we discuss them in turn.
If the coeflicient m is negative, one can introduce a positive parameter a by
a = (—m)?, 4.13)

and equation (4.10) has a solution, subject to the boundary conditions (4.4),
of the form

(4.14)

b= k sinhozz+sinha(d—z)_ 1
T m sinh ad ‘

For this solution, the condition (4.12) promptly yields
Sd*(A, — A)No tan 64(B — tanh B) = SM K, B3, 28 =oad. (4.15)

However, the function of § on the left-hand side of this equation always
has the same sign as f, and, therefore, it is necessary that N, be positive for
a non-trivial root. We consequently proceed to the next type of solution.

If the coefficient m is positive, one can introduce a positive parameter ¢ by

& =m'?, (4.16)
and straightforwardly the second form of solution is

k l:sin §z +sinfd —z) 1]

m sin &d

¢ =

(4.17)

which requires that one exclude values of ¢ equal to an integral multiple of
n/d. However, should the product &d be equal to 27, or an integral multiple
of the same, the appropriate solution is

= ;’;— (cos &z — 1). (4.18)

In either event, the condition (4.12) gives
Sd*(A; — A;)No tan O(tan { — {) = 8M,K,{?, 20 =¢&d.  (4.19)
and the critical magnetic field is

Sd%(A, — A)tan 8,(Mo + No)
M, :

X HZd* = 4lLK, + (4.20)

where {, is the smallest positive root of (4.19). In the case of solution (4.18),
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the criterion (4.19) and the expression (4.20) simply determine the shear
rate and critical field strength at which this particular solution occurs.
If one defines a value { by

tan{, = (., n<{.< —3; (4.21)
it is not difficult to show that
3

> ——E— >0, 0<(< E,

tan { —¢ 2
4.22)

0< e < r <{<{

{—tan{ ’ 2 x?

each being monotonic in the intervals indicated. Clearly, therefore, if N
is negative, values of { between n/2 and {, give the appropriate stationary
perturbation for all shear rates. Moreover, in this instance, one can conclude
that the critical field strength increases monotonically with shear rate.
On the other hand, if N 1s positive, the results follow from this solution with
{ in the interval zero to n/2, and also from solution (4.14).

When the coeflicient k in equation (4.10) is zero, the equation has simple
solutions satisfying the boundary conditions of the form

¢ = ¢gsinz 4.23)
where ¢, is a constant, provided that
m= 12, td = 2rm, r an integer. (4.24)

The condition (4.12) does not impose any additional constraint upon these
solutions. In this case, therefore, the critical field strength is given by

Sdz(lz - ll)tan 90(M0 + No)

H2d2 = 2
LaH: 4n K, + M,

. (4.25)

A comparison of this expression with the corresponding result (4.20) leads
one to conclude that, for a given shear rate, the critical field strength given
above is larger than that for the solution (4.17) whenever the product &d is
smaller than 27, but it is smaller if &d exceeds this value. The field strengths
are of course equal when &d takes the value 2z, the form (4.18) being the
relevant solution. This occurs at a particular shear rate S, which from the
condition (4.19) takes the value

3 8M,Kom2
"~ d¥A, — A)Ngtan 0,

s, (4.26)
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Consequently, at shear rates smaller than this value, the solution (4.17)
occurs first, as the field strength increases, but at higher shear rates the
solution (4.23) is the one of greater physical interest.

The next stage in the analysis consists of investigating time-dependent,
infinitesimal perturbations of the form

¢ = B(z)e", u=U(@z), a=Ae" (4.27)

where v and A are constants. Since the equations (4.7) once more reduce to a
pair of linear, ordinary differential equations of the same type as before, the
remainder of the calculation is very similar to that just described. For
solutions in which A4 is zero, it is rather straightforward to show that, at a
fixed rate of shear, perturbations of the above type grow with time when the
magnetic field strength just exceeds the critical value (4.25), provided that

pa(Ay — A,)sin? 6, — A, Mg > 0. (4.28)

As Currie?! discusses, this inequality is a consequence of those obtained by
Leslie,!® and therefore holds for all values of 8,. Alternatively, the required
result follows directly from consideration of the rate of entropy production
for the particular flow in which

n,=0, n, = sin §,, n, = cos B,

(4.29)
v, = (Zk — Qjy, v, = Qx, v, =0, A48 = (4, — Ak,

where k and Q are constants. In addition, for solutions corresponding to
(4.17), it is possible to show from the counterparts of equations (4.19) and
(4.20) that, at a given shear rate, the disturbances (4.27) also grow with time
for field strengths just greater than the critical value (4.20), provided in this
instance that

pa(Ay — A)sin? B4 f(Lo) — A My > 0,

2 — Bran? (o — Lo({o + tan {p) (4.30)
Co{3tan (o — {o(3 + tan?{y)} ’

where {, is the smallest root of equation (4.19). An elementary computation
shows that the magnitude of the function f({,) is always less than unity over
the interval of interest, and therefore this inequality also follows from those
derived by Leslie. Lastly, we remark that a similar situation prevails for
solutions of the type (4.14). Consequently, all of the stationary secondary
flows discussed in this section represent the onset of homogeneous instabilities.

For the present problem, it is also of interest to compute the net transverse
flux associated with the stationary perturbations. By similar steps to those

f(Co) =
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described at the end of the previous section, one readily finds in this case that

d d
[f z¢p dz — f d-z)¢p dzj', 4.31)
4] 0

and, since the solutions (4.14), (4.17) and (4.18) are symmetric about the centre
of the gap, Q is zero for each of these. However, for the solution (4.23), one
obtains

d SN,
Q= fou dz = M,

¢ SdN,

Q=- Myt

(4.32)

which is clearly non-zero, and thus the situation is analogous to that in the
flow-induced instability.

In conclusion, therefore, we have shown in this section that the theory also
predicts for certain nematics a transition from one homogeneous instability
to another, this occurring at a critical shear rate given by (4.26). The transition
should again be readily observable since the second instability in contrast
to the first has an associated net transverse flux. However, one must emphasise
that there is the distinct possibility that some other type of instability may
intervene before this transition, or possibly even before any of the homo-
geneous instabilities can occur. Naturally, it would be of interest to compare
these predictions with experiment.
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